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1. Introduction

The probability that a link between two mobile radios
has sufficient signal-to-noise ratio for acceptable trans-
mission quality or reliability is, other factors being
equal, the probability that the link distance d is less that
some value R, where R is termed the transmission
range:

Pr{Link is good} =Pr{d = R} =F,(R). (1.1)
The function F,(+) in Eq. (1.1) is the cumulative proba-
bility distribution function (cdf) for the link distance.

Assuming that different links fail independently, the
quantity F,(R) can be taken as the probability of suc-
cess (acceptable transmission quality) in a binomial trial
in which two link endpoints are selected; if the trial is
repeated N times, then an estimate of the number of
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good links is NF,(R). Also, the probability that multi-
hop communication paths are reliable can be related to
the individual link reliabilities. For these and other rea-
sons, the cdf for the link distances in a mobile radio
system is an important quantity [1,2].

There is an infinite number of potential scenarios in
which locations are selected for the different mobile
radios. In this paper, in order to lay the goundwork for
further analysis of mobile radio systems, a random selec-
tion of mobile locations is assumed, and the cdf of the
link distances is found for two simple but fundamental
scenarios: (1) a rectangular deployment area in which
mobiles are uniformly distributed and (2) a deployment
in which the x and y coordinates of the mobile locations
have Gaussian distributions.
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2. Uniform Distribution of Link Distances
in a Rectangular Area

2.1 Assumptions and Formulation of the
Derivation

Let the positions of the mobile users (referred to as
“mobiles”) be distributed randomly in a rectangular area
with dimensions D, and D,, as illustrated in Fig. 1, in
which we have assumed D; =< D, without loss of gener-
ality. The x; and y; coordinates of mobile i have the
uniform distributions given by the probability density
functions (pdfs) p.(«) and p,(B), respectively, where

lal = le

1
pi(a) ={ b (2.1a)

0, otherwise

181 < 1D,
py(B)={ D2 : (2.1b)

0, otherwise

We assume that the x and y positions of any two mobiles
are selected independently.

Fig. 1. Rectangular area for uniform distribution of mobile locations.

The link distance between mobiles i and j is defined
as

d; 2V — x5 + 0 — =V +@Ay) 22)

where, as illustrated generically in Fig. 2, the differ-
ences Ax =x; — x;and Ay = y; — y; are independent and
have the pdfs given by

D‘%Q'a', lal = D,
pas(a) = : (2.3a)
0, otherwise
and
D
2 _ 5 D. — 1Bl , 181 =D,
Pay(B) = (2.3b)
0, otherwise

and where the absolute values of the differences
[Axl=1x; — x;l and Ayl = ly; — y;| are independent and
have the pdfs given by

%, 0<a=D,
Dad(@) = :

(2.4a)
0, otherwise
and
Z(DZD B) ,0=B=D,
pui(B) = ? . (2.4b)
0, otherwise

The cumulative probability distribution function for the
distance between two mobiles therefore is formulated as

Fy(y)=Pr{d;=vy}= Pr{\/(xl—x,)2+(y y/)2<7}

=Pr{\/(Ax)2+(Ay)2 = y}:Pr{\/IAxIZHAyIzS ‘y}

// da dB pavn(e, B) (2.5a)
(a, B)EA

// da dB piavai(a, B)

(a,B) & A

(2.5b)
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Fig. 2. Pdfs for location, difference, and absolute value of difference.

Where pIAxI,IAy\(aa B) =pIAx\(a)plAy\(B) del’lOteS the jOiIlt F ( )_ 1 _/ dO[/ dB ( )(
pdf of the absolute values of the x and y differences and ay L@ D1 D,

A denotes the domain of integration, illustrated in Fig. 3,
such that Vo’ + 82 = y while both 0 = a = D, and 1 1
0=B=D, o O=<a=min{D, vy} and L / B _

0 = B = min{D,, Vy* — o*}. Using the pdfs of Egs. =l-4 . dudl = u) dv(@d =v)
(2.4a) and (2.4b), Eq. (2.5a) becomes

min(Dy, )
Fy(y) = / da
0

[mn{oz, N aB D14D2 (1 = D%)(l - D%) (2.6a)

1 L)

with the lower limits

O<')/SD2

\Vy> = D3, D,<y=VD}+D}

v D7L12/D2}

min{1,y/Dy} min{l,\ —Dj
=4/ du(l — u)/ dv(l —v)
0 0

(2.6b)

min{1, &} mml{\/;
—4/ du(l—u)/ dv(l —v) { O<y=D;and a>vy

O<és!
VE-—72, <=V !

2.60) VY =@, Di<y=VDi+D}

in which we define the normalized variable & é v/D,
and the area shape parameter { = D,/D, = 1. The evalu-
ation of this double integral is facilitated by considering
different intervals for the value of . For y<O0, of
course, the integral equals zero. For y> "V D? + D3, the
double integral equals one. Similarly, Eq. (2.5b) be-
comes

O<é=landu>¢

l<é=VI1+(?
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“£)
(2.72)

(2.7b)

(2.7¢)

(2.7d)
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Fig. 3. Domain of integration for the pdf.
2.2 Representative Results for the cdf tioned in a rectangular area is given by Eq. (2.8). For a
In Appendix A, it is shown that the cdf for the link fg‘gre (azrega) with Dy =D, =D, or {=1, the cdf reduces
distance between two mobiles that are randomly posi- 4- 122
0, £<0
(EGLE -0+ O +m], 0=¢&<1
HVE-1QE+) — LB +6LE — ()
+27&%in1(1/€), 1=é<!
Fi(y=£éD) = £&sin(1/) £<¢ 2.8)
HVE-1QE+D) — 3L E+28 -9
+HIVE-QUE+ D+ - &
+20&sin”'(1/§) — cos '(1/{&)}, (T'=E<VI+{T?
1, V1i+(?2=¢€
0, £<0
£GE —3E+m),  0=¢<1
Fi(y=éD)= | 3VE —1QE+1) — GE +28 -9 . (2.9)
+2&sin"(1/€) — cos'(1/§)], 1=¢<V2
1, V2s=¢
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Example plots of Egs. (2.8) and (2.9) are shown in Fig.
4. For example, note from Fig. 4 that the median link
distance (the value of +y for which the cdf equals 0.5) is
approximately v = dy.q=3D for the case of /=1. In
fact, solving F;(&) =0.5 numerically for {=1 yields
&nea = 0.5120. Additional median values for this distri-
bution are given in Table 1 for different values of {.

Pr{Link distance < v}

pd<v=§Dl>:,§l

piy=ED)=7

2.3 The pdf and Mode for the Link Distance in a
Rectangular Area

The probability density function p,(y = & D) for the
link distance in a rectangular area is found by differenti-
ating the cdf in Eq. (2.8) to obtain Eq. (2.10). For the
special case of Dy=D,=D or {=1, Eq. (2.10) be-
comes Eq. (2.11). Example plots of these functions are
shown in Fig. 5.

1 LENANS Bann N T T T

T

o /

0.9 /
s C:=1.0/ /

e
Il

o

o

/
¢ o2s

0.6 /
0.5 / /

y /
os |1/

e AL

/A

0-1 %
0 I I i 1 I 1

0 0.5

& =v/D,

Fig. 4. Plot of the link distance cdf for a rectangular deployment area (D = { D, = D).

LE20E% — 4E(1 + {) + 2], 0=¢<1
ALEVE — 1 = 20EQE+ D)
+4{ésin”(1/6), 1=é<
AENVE — 1440V E -7 , (2.10)
— 288+ 1+ 07
+4ZE(sin  (1/€) — cos \(1/£8)}, (T'=E<V1+(7
0, otherwise
262 —4¢+m),  0=é<l
BEVE> — 1 —2(£7+2)
+4E{sin ' (1/€) — cos '(1/€)}, 1=E<V2 (2.11)
0, otherwise
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Fig. 5. Plot of the link distance pdf for a rectangular deployment area (D; = { D, = D).

Table 1. Median values of link distances for a D, X D, rectangular
area, normalized by D; < D,

Table 2. Mode of the link distances for a D; X D, rectangular area,
normalized by D, < D,

{=D\/D, &ined = Ymed/ D1
1.00 0.5120
0.95 0.5254
0.90 0.5401
0.85 0.5563
0.80 0.5743
0.75 0.5943
0.70 0.6170
0.65 0.6428
0.60 0.6725
0.55 0.7072
0.50 0.7486
0.45 0.7990
0.40 0.8625
0.35 0.9465
0.30 1.0666
0.25 1.2453

{=D\/D, gmodez‘ynD;o]de
1.00 0.4786
0.95 0.4908
0.90 0.5034
0.85 0.5165
0.80 0.5299
0.75 0.5439
0.70 0.5582
0.65 0.5730
0.60 0.5882
0.55 0.6037
0.50 0.6196
0.45 0.6357
0.40 0.6521
0.35 0.6687
0.30 0.6855
0.25 0.7023

From differentiation of the pdf and solving the result-

ing quadratic equation, the mode of the distribution is
found to be

g _ ‘)/mode_z(] + g) _ /4(1 + 5)2 _ 1
mode = Dl - 3§ 94»2 3£

Example values of the mode for different values of { are
given in Table 2. The mode values in Table 2 are

2.12)
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smaller than the median values in Table 1, indicating a
significant amount of skew in the distribution, which
can be observed in the pdf plots in Fig. 5.
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3. Distribution of Link Distances for
Gaussian-Distributed Coordinates

3.1 Derivation of the Link Distance pdf and cdf for
Gaussian-Distributed Locations

Instead of assuming that the mobiles are randomly
located in a rectangular area, we now assume that the x
and y coordinates of the mobile locations have Gaussian
distributions. That is, we assume that the pdfs of the x
and y coordinates are independent and have the follow-
ing pdfs:

p.(a) = ;\/2— e, —cw<a<e  (3.la)
(051 T
and
p(B) = —\1/2— e PP% — < B (3.1b)
o T

where o, and o, are, respectively, the standard devia-
tions of the x and y coordinates. Without loss of general-

39%

20

ity, we assume that oy = Ao, where A is an area shape
parameter, with A = 1. The joint pdf of the coordinates

is given by
oo 4 (5) + (2]} a0

Note that the joint pdf in Eq. (3.2a) is the special case
of the bivariate Gaussian pdf with uncorrelated random
variables (RVs); the more general case of correlated
Gaussian coordinates can be treated by using a simple
transformation of the coordinate system. As illustrated
in Fig. 6, the elliptical area defined by the equation

CROR

contains 100 (1 — e™**2) percent of the mobile positions,
or about 39 % of the mobile positions when k =1, 86 %
when k=2, and 99 % when k= 3. The elliptical area
containing nearly all the positions corresponds to the
rectangular area shown in Fig. 1, so that the Gaussian-
coordinate model can easily be related to the uniformly

Pry(a, B) =

2mo0,

(3.2b)

A B

30,

86%
2

o, |20,] 30,

99%

Fig. 6. Elliptical areas associated Gaussian mobile coordinates.
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distributed mobile model when it is convenient. For
example, an ellipse just fitting inside the rectangle of
Fig. 1 has the area D, D, and contains ;7 = 78.54 %
of the mobile positions for the rectangular, uniform dis-
tribution. This same percentage for the Gaussian-coor-
dinate model is contained in the elliptical area given by
Eq. (3.2b) with k =1.754, so that the two models are
roughly  equivalent when $D,=1.750, and
%Dz = 1.75 g, O D1 =3.5 (oa] and Dz =3.5 3.

Since a difference of independent Gaussian RVs with
variances a and b is also a Gaussian RV whose variance
is a + b, the differences in the coordinates of two mo-
biles are Gaussian:

Ax=x;,— x;=G(0,207) and
Ay =y — y=G(0,207) (3.3)

where G(u, o) denotes a Gaussian RV with mean u
and variance o . The joint pdf of the differences is

given by
2 2
_ila B
exp{ 2[20_%+20_%}}. (3.4)

The cumulative probability distribution function for the
distance between two mobiles is formulated in terms of
the squares of the Gaussian RVs A x and Ay as

Paxay (a, ,3) =

dmo0,

Fi(y) =Pr{d; =y} = Pr{ V(A x) +(Ay) = 7}-
(3.5a)
Let us define the rectangular-to-polar change of vari-
ables given by A x =d; cos 6 and Ay =d;; sin 6. The

joint pdf of d; and 6, expressed in terms of the dummy
variables p and ¢, is found to be
sinz(b] }
o’ |

exp{
(3.6a)

O0=¢p=2m p=0.

p
400,

pd,(-)(p’ ¢)= 4 0_% +

B p_2[cos2¢

The marginal pdf of d; is found by integrating out the
variable ¢ in Eq. (3.6a). Noting that the joint density is
the same in each of the four quadrants, we can write

w2
pa(p) = 4/ dep pae(p, @)
0

p

w2
o, 02/0 d¢ exp{—

p_z[cos22¢> N sinzqs] }

4| o? o}

408

/2
-_P o
B 1T0'10'2/0 dep exp{— p*(a+b cos 2¢)}
__p [T e
- zmlgz/o da exp{—p*(a+b cos @)} (3.6b)
=P o 2
- 20'] (op) e I()(bp ) (36C)

in which we use the integral in Ref. [5], Sec. 9.6.16 to
identify Io(-), the modified Bessel function of the first
Al

kind, and we define
It 1 A 1<L _ L)
a=8<0%+0%>’ b=8 ol i)

For convenience of notation and ease of comparison of
the rectangular and Gaussian deployment models, we
define the normalized variable ¢ = p/D, = p/kaoy,
where k é D;/a; relates the dimensions of the rectangu-
lar deployment area to the standard deviation of the
Gaussian deployment distribution, and we denote the
area shape parameter by { = D,/D, = 0,/0 to be consis-
tent with the use of this symbol for the rectangular
deployment area. Then the pdf of the link distance can
be written

(3.6d)

1
pa(p = ko) = o

2
-"Tgfe*“fszﬂg 10<K2§2(1 - {2)/8>, p=0 (3.7a)

with the special case for {=1 (oy = 0») given by

2
K 22
§e K244

> , (=1, p=0.

(3.7b)

1
pa(p = ko1§) =K_O'1.

Plots of the link distance pdf Eq. (3.7a) are shown in
Fig. 7 for k = 3 (the length of the side of the rectangular
deployment area is three times the standard deviation of
the Gaussian deployment area in each direction) and
{=1,0.5, and 0.25. The similarity of these plots to the
in Fig. 5 is strong; the similarity can be made even
stronger by choosing a little smaller value than k=
D;/o; = 3. Of course, the curves in Fig. 7 are smoother
than those in Fig. 5 because the deployment area for the
assumption of a Gaussian distribution of mobile loca-
tions has no edges.
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Fig. 7. Plot of the link distance pdf for Gaussian-distributed mobile locations.

Now having the pdf of d;;, we can write the cdf Eq.
(3.5a) for this RV as

Fi(y= ko1§) =/ dp pu(p)
0

,
/ dp p e " Io(bp?)
0

=20'.0'2
Kzg ¢ — k22 (1+2)/8 2.2 2
27 duue Tol k2 u(1 — £9)/8 ). (3.8a)
0

For the special case of {=1, Eq. (3.8a) becomes

24

K2 ¢ 2,2 e
F.(y = ko €) =—/ du u e <" =/ dve™
2 0 0

=1 —e < (3.8b)
Plots of Eq. (3.8a) for k =3, obtained by numerical

integration, are shown in Fig. 8.

3.2 Median and Mode for the Link Distance and
Gaussian-Distributed Locations

For { =1, Eq. (3.7b) is easily differentiated to find the
mode of the distribution and Eq. (3.8b) is easily solved
for the median:

409

£l = V2/k = 1.4142, (3.9a)
ned™ =2VIn 2/k = 1.3863/k. (3.9b)

From Table 2, the mode of the distribution for a random
distribution of mobile locations in a rectangular area for
{=11s 0.4786; the mode for the Gaussian distribution
of mobile locations for (=1 matches it when
k = 2.9549. From Table 1, the median of the distribution
for a random distribution of mobile locations in a rectan-
gular area for { =1 is 0.5120; the median for the Gaus-
sian distribution of mobile locations for { = 1 matches it
when k =2.7076.

4. Conclusions

We have found the distributions for the distance be-
tween randomly distributed mobiles for two different
assumptions: (1) the mobile locations are uniformly dis-
tributed in a rectangular area, and (2) the mobile loca-
tions have a two-dimensional Gaussian distribution. The
cdfs for both cases are very similar despite the fact that
the first distribution has a finite boundary and the sec-
ond does not. The implication of this finding is that for
simulation or analysis of mobile communication sys-
tems, the model used for the distribution of the mobile
locations can be chosen for convenience.
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Fig. 8. Plot of the link distance cdf for Gaussian-distributed mobile locations.

5. Appendix A. Details of the Derivation
of the Link Distance Distribution for a
Rectangular Area

The development here follows that in [2] but in more

detail, correcting several typographical errors in that
presentation.

5.1 Evaluation for the Interval 0 = y < Dy, or

0=¢=1

For this interval we use Eq. (2.6c¢); the upper limit of
the first (outer) integral equals & and the upper limit of
the second (inner) integral equals {V &* — u”. Then,

Fd(y=§D1)=4/0§du(1 - u)/o@dv(l —v)
=4§/Oldw(l - gw)/ogmdv(l - V)
=2§/0l dw(l — fw)[l - (1 - §§m>2]

=2§/ dw(l = EW2LEVT —w? = 28(1 — w?)]

410

=4§§2/ dW\/l—wz—4Z§3/ dwwV1 —w?
0 0
1
- 2{253/ dw(l — éw — w2+ éwd). (5.1a)
0

From Ref. [3], Sec. 3.251.1 we have

1 v—1
/ dw w’H(l - W)‘>
0

where B(a, b)) =T'(a)I'(b)/T'(a + b) is the Beta func-
tion. Applying Eq. (5.1b) to (5.1a) yields

%B(% , V> (5.1b)

Fy(y=£D)) =4{£-5BG,3) — 4L8° -5 B(1,3)
=208 =5 E— 54539

= (&M — 36+ ) +5 €7 (5.1¢c)

5.2 Evaluation for the Interval D, = y = D,, or
1=&é=1/¢

For this interval we use Eq. (2.6c); the upper limit of
the first (outer) integral equals 1 and the upper limit of
the second (inner) integral equals {V > — u”. Then,
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dv(l —v)

Fdw:wl):zt/ol du(1 u>/OW
o N

=2/01 du(l — w24 VE — u? — (A& — u?)
:4g/oldum—4g/olduum

- 2(2/ du(& — % — u® + ud). (5.2a)
0

From Ref. [4], integral No. 157 we have

/ uNVE —u ——[ VE —u?+ Ein” 1@] (5.2b)
and in Ref. [4], integral No. 162 we have

1 3/2

/duu\/fz— u2=—§<§2— u2> .

(5.2¢)

Substituting Egs. (5.2b) and (5.2¢) in Eq. (5.2a), we
obtain

Fd(v=§Dl)=2§[ Ve - 1+§25in_l<é>]
_§§[§3 — (& - 1)3/2] (& —%

LVE-1QE+ D)+ 2§§zsin"<l§>

— 5 SI8E3+ 6487 — (1. (5.2d)

5.3 Evaluation for the Interval D, = y =
\/D}+D3or {'=E=V1+?
For this third interval we use Eq. (2.7¢); the lower

limit of the first (outer) integral equals V& — ¢ ~% and
the lower limit of the second (inner) integral equals

IV E* — u®. Then,

Fi(y=¢D) =1

1 1
- 4/ du(l — u)/ dv(l —v) (5.3a)
V-2 Verou?
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1
:1—2/ dL¢(1—14)<1—§\/§2—142>2
\/§2,g*2

1
=1—2/ du(l —u)[l —2VE - P

cofe-0)
=1 _2/\/;2_7(1”(1 - u)+4§/
f

—252/ 2du(§2 Eu—ut+ud)

-

V-2

VE-

=1- <1 - WY
+2¢ [\/ﬁ+ gzsinﬂ@ —WNE—?

=)

- §2sin"< z

NGRS

2| - de - b

31
S EVE ST HEE - IE - )
—3(& - 572)2]

_2 2 _ 2 2) i1 l _ -1 i
=53{VE-1QRE+1)+2€ {sm <§> cos <§§>}
HIVE - QPE+ ) -3 0E 28 )
R (5.3b)

5.4 Special Case: D,

When D, = D, = D or { = 1, the interval from £=1 to
&= ¢! vanishes, and from Egs. (5.1c) and (5.3b) the
cumulative probability distribution for the distance be-
tween any two mobiles becomes Eq. (5.4). A form of
the result for this special case was published in [1].

=Dyor (=1
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0,
£GE — e+,
Fi(y=¢éD)= { 3VE-1QE+1) — &' +2¢8 —5)

+ 2&%[sin"1(1/&) — cos™'(1/€),

L,
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